Let X be a smooth proper complex algebraic variety such that p g (X) 6 = 0, where p g (X) = dim 0(X; 2 X ). D. Mumford [8] showed that the kernel of the Albanese map CH 0 (X) 0 ! Alb(X)
(A sketch of the proof can be found in [11] .) To show the equivalence of (0.1) and (0.3), we calculate H 3 D (U; Q(2)) using the weight spectral sequence [6] . See (3.1) .
In Sect. 1, we review some elementary facts from the theories of mixed Hodge Modules and Deligne cohomology which are needed in this paper. In Sect. 2, we recall the denition of Bloch's higher Chow groups and the cycle map, and prove (0.5) together with the equivalence of (0.2) and (0.3). In Sect. 3, we calculate the mixed Hodge structure of a smooth open surface, and prove the equivalence of (0.1) and (0.3).
In this paper a variety means a separated scheme of nite type over C. 1 . Mixed Hodge Module and Deligne cohomology 1.1. Mixed Hodge Modules (see [10] ). For a variety X we denote by MHM(X) the abelian category of mixed Q-Hodge Modules on X, and D b MHM(X) its derived category consisting of bounded complexes of mixed Q-Hodge Modules. There is a natural functor rat : D b MHM(X) ! D b c (X; Q) assigning the underlying Q-complexes where D b c (X; Q) denotes the full subcategory of D b c (X an ; Q) consisting of Q-complexes whose cohomology sheaves are algebraically constructible. We denote by H i : D b MHM(X) ! MHM(X) the usual cohomology functor. For morphisms f of algebraic varieties we have canonically dened functors f 3 ; f ! ; f 3 ; f ! between the derived categories of mixed Q-Hodge Modules. They are compatible with the corresponding functors of Q-complexes via the functor rat. For a closed embedding i : X ! Y , the direct image i 3 will be omitted sometimes in order to simplify the notation, because (1:1:1)
is an equivalence of categories.
If X = Spec C we have naturally an equivalence of categories (1:1:2)
MHM(Spec C) = MHS:
Here the right-hand side is the category of graded-polarizable mixed Q-Hodge structures [6] . So MHM(Spec C) will be identied with MHS.
We denote by Q(j) the mixed Hodge structure of type (0j; 0j) whose underlying Qvector space is (2i) j Q C. See [6] . For a variety X with structure morphism a X : X ! Spec C, we dene [7] , [1] , etc.) Let X be a smooth variety, and X a smooth compactication of X such that D := XnX is a divisor with normal crossings. Let j : X ! X denote the inclusion morphism. Then Q-Deligne cohomology H i D (X; Q(k)) is dened to be the i-th cohomology group of (1:2:1)
We have a short exact sequence
together with Hodge theory [6] . If X satises the condition [1] .
We dene in general 1.3. Proposition. Let X be a reduced variety of pure dimension n, and X i be the irreducible components of X. Let Rat(X) 3 = Q Rat(X i ) 3 with Rat(X i ) the rational function eld of X i . Then we have a canonical isomorphism (1:3:1) H D 2n01 (X; Q(n 0 1)) = fg 2 Rat(X) 3 : div g = 0g;
where div g = P div g i if g = (g i ) with g i 2 Rat(X i ) 3 .
Proof. If X is smooth, the left-hand side of (1.3.1) is Ext 1 (Q H X ; Q H X (1)), and the assertion is related with the theory of 1-motives [6] , and is more or less well-known. Indeed, if X is a point, the assertion is veried by calculation the period of the mixed Hodge structure on H 1 (A 1 nf0g; f1g [ fxg) for x 2 Cnf0; 1g, i.e., by using the integral of dt=t on the relative cycle connecting f1g and fxg, where t is the coordinate of A 1 .
In the general case, a sketch of proof is given in [11, 3.12] . Let Z = Sing X, and U = XnZ with the inclusion morphisms i : Z ! X; j : U ! X. Then we have an exact See [10] . We have to show that the morphism @ in (1.3.2) is naturally identied with
(possibly up to a sign depending only on n) using that isomorphism. Here it is not necessary to assume that Z = Sing X, and we may assume that Z is a divisor of X containing Sing X. Then, using the normalization of X together with a smooth variety transversal to Z, the assertion is reduced to the case X is a smooth curve and n = 1.
Since @ is additive and the assertion is etale-local and is clear in the case g 2 0(X; O 3 X ), it is further reduced to the case X = A 1 ; Z = f0g; and g is the identity on A 1 . In this case we can identify @ with the canonical morphism Ext 1 (Q H U ; Q H U (1)) ! Hom(Q; H 1 (U; Q)(1)); using H 1 (U; Q(1)) = H 2 f0g (X; Q(1)). Let M be the extension of Q H U by Q H U (1) corresponding to g. Then the monodromy of the underlying local system of M is 1 1 0 1 . So the assertion is clear.
Higher Chow groups and cycle maps
2.1. Higher Chow groups ( [3] ). Let 1 n = Spec(C[t 0 ; : : : ; t n ]=( P t i 0 1)). For a subset I of f0; : : : ; ng, let 1 n I = ft i = 0 (i 2 I)g 1 n . It is naturally isomorphic to 1 m with m = n 0jIj (xing the order of the coordinates), and is called a face of 1 n . For 0 i n, we have inclusions
Let X be an equidimensional variety. Then X 2 1 n I is also called a face of X 2 1 n .
Following Bloch, we dene z p (X; n) to be the free abelian group with generators the irreducible closed subvarieties of X 2 1 n of codimension p, intersecting all the faces of X 2 1 n properly. We have face maps @ i : z p (X; n) ! z p (X; n 0 1); induced by i . Let @ = P (01) i @ i . Then @ 2 = 0, and CH p (X; n) is dened to be Ker @=Im @ which is a subquotient of z p (X; n). By [3] it is isomorphic to (2:1:1) T 0in Ker(@ i : z p (X; n) ! z p (X; n 0 1)) @ n+1 ( T 0in Ker(@ i : z p (X; n + 1) ! z p (X; n))) 2.2. Functoriality. Let f : X ! Y be a proper morphism of varieties, and put r = dim X 0 dim Y . Then we have the pushforward functor f 3 : CH p (X; n) ! CH p0r (Y; n): In fact, for a face map : 1 m ! 1 n , Bloch showed the commutative diagram As for the pull-back, we have f 3 : CH p (Y; n) ! CH p (X; n) if f is at or X; Y are quasiprojective and Y is smooth. See loc. cit. In the latter case, we have a quasi-isomorphic subcomplex z p f (Y; n) of z p (Y; n) on which the pull-back f 3 is naturally dened.
2.3. Cycle map. Let X be an equidimensional variety. By [12] we have a cycle map (2:3:1) cl : CH p (X; n) ! H D 2d+n (X; Q(d));
where d = dim X 0 p, and the target becomes H 2p0n D (X; Q(p)) by if X is smooth.
Indeed, let S n01 = S 1 n fig 1 n ; U = 1 n nS n01 with the inclusion morphisms i : S n01 ! 1 n ; j : U ! 1 n . Then
where a 1 n : 1 n ! pt := Spec C is the structure morphism. Let = P k n k [Z k ] 2 T 0in Ker @ i z p (X; n) (see (2.1)), where Z k are irreducible closed subvarieties of X 2 1 n . Let d 0 = dim Z k = d + n. Put Z = S k Z k . Then the coecients n k of Z k induces a morphism
where IC Z k Q H denotes the mixed Hodge Module whose underlying perverse sheaf is the intersection complex IC Z k Q. Let : X 21 n ! X be the rst projection, and let j denote also id 2 j : X 2 U ! X 2 1 n (and the same for i). Then to Griths' intermediate Jacobian tensored with Q by [5] . If p = dim X, (2.3.4) is the Albanese map (tensored with Q). : fg 2 Rat(Y ) 3 : div g = 0g ! CH 1 (Y; 1); using the graph of g together with an isomorphism P 1 nf1g ! 1 1 sending f0; 1g to S 1 .
The condition div g = 0 means that belongs to Ker @ in the notation of (2.1), and we get an element of T Ker @ i by adding vertical cycles (i.e. of the form Z 2 1 1 for a divisor Z of X) to . We have cl = id by restricting to the smooth part of Y , because the isomorphism in (1.3) is obtained by calculating the period of mixed Hodge structure.
So it remains to show that (2.5.1) is injective, and we may assume that Y smooth by restricting to the smooth part of Y and using the exact sequence in [3, (3.1)]. Then CH 1 (Y; 1) = 0(Y; O 3 Y ) by (6.1) in loc. cit, and the assertion follows.
2.6. Corollary of (0.5). Let X be a variety of pure dimension n, and Y a closed subvariety of X of pure dimension m. Put U = XnY . Let 2 H D 2m01 (X; Q(m 0 1)) 0 such that its restriction to U is zero. Then there exists 2 CH n0m+1 (X; 1) Q such that cl() = .
Proof. We have an exact sequence H D 2m01 (Y; Q(m 0 1)) 0 ! H D 2m01 (X; Q(m 0 1)) 0 ! H D 2m01 (U; Q(m 0 1)) 0 induced by the distinguished triangle ! D H Y ! D H X ! j 3 D H U ! (together with the adjoint relation for the direct image and the pull-back), where j : U ! X denotes the inclusion morphism. So the assertion follows from (0.5) together with the compatibility of the cycle map with the direct image (2.4).
2.7.
Proof of the equivalence of (0.2) and (0.3). The implication (0.2) ) (0:3) is clear, because dim jj = 1 for 2 CH 2 (U; 1). The converse follows from (2.6). 3 . Proof of the equivalence of (0.1) and (0.3) 3.1. Weight spectral sequence [6] . Let X be a proper smooth variety of pure dimension 2, and D a divisor with normal crossings on X such that the irreducible components D i (1 i r) are smooth. Let D (1) be the disjoint union of D i , and D (2) = S i<j D i;j with D i;j = D i \ D j . Put U = XnD; D (0) = X, and D (k) = ; for k < 0 or k > 3. By [6] , we have the weight spectral sequence (3:1:1) E 0k;j+k 1 = H j0k (D (k) ; Q(0k)) ) H j (U; Q) such that d 1 : H j0k (D (k) ; Q(0k)) ! H j0k+2 (D (k01) ; Q(1 0 k)) is the Cech-Gysin morphism. In particular, we have The extension class associated with (3.1.6) will be denoted by where the rst morphism is the inclusion induced by (3.1.2) and the last is the projection. Let D i;j = S m P i;j;m with P i;j:m 2 X. Then u 2 Hom MHS (Q; (Gr W 4 H 2 (U; Q))(2)) is identied with u(1) = (a i;j;m ) by (3.1.2), where up to a sign coming from the Cech-Gysin morphism. So the assertion follows.
3.3. Proof of (0.3) ) (0:1). By Roitman's result [9] , it is enough to show the injectivity of the Albanese map tensored with Q:
(3:3:1) CH 2 (X) 0 Q ! Alb(X) Q :
Since these groups are birational invariant of smooth proper varieties, we may assume that X is smooth projective by Chow's lemma. Let = P i m i [P i ] 2 CH 2 (X) 0 belonging to the kernel of (3.3.1). Let Y be a smooth hypersurface of X passing through all the P i . Let U = XnY . By (3.1.2) (applied to X; Y ), determines an element of We have a morphism of mixed Hodge structures 3.4. Proof of (0.1) ) (0:3). The argument is essentially as above. Let X; D; U be as in (3.1), and assume that p g (X) = 0 and U is ane and suciently small so that H 3 (U; Q) = Gr W is then rationally equivalent to zero, and there exist rational functions g i on D i (1 i r) and rational functions g i on integral curves C i (r < i s) together with a nonzero integer a such that C i 6 = D j for any i; j, and a + X j div g j = 0 in z 2 (X; 0):
Let : X 0 ! X be a composition of blowing-ups with point centers such that it induces an isomorphism over the complement U 0 of C [ D and D 0 := 01 (C [ D) is a divisor with normal crossings whose irreducible components D 0 i (1 i t) are smooth. Here D 0 i is the proper transform of D i for 1 i r, and of C i for r < i s, and is an exceptional divisor (isomorphic to P 1 ) for s < i t.
Let 0 i be the pull-back of i by the isomorphism D 0 i ! D i so that 3 0 i = i for 1 i r.
Put 0 i = 0 for i > r. Let g 0 i be the pull-back of g i to D 0 i for 1 i s. Let Indeed, 0 i (i > s) is constructed by using the chain of exceptional divisors connecting the proper transforms of analytic-local irreducible components of D i ; C j .
By (3.4.5) , the supports of 0 i are contained in the singular points of D 0 (i.e. D 0(2) with the notation of (3.1)). So there exist a i;j;m 2 Q for i < j such that with the notation of (3.1). Since deg 0 i = 0, the a i;j;m determine by (3.1.9) u 2 Hom MHS (Q; (Gr W 4 H 2 (U 0 ; Q))(2)):
Furthermore, (3.2) asserts that (3:4:7) 0 i := p i eu 2 Ext 1 MHS (Q; H 1 (D 0 i ; Q) (1)) is identied with the image of 0 i by the Abel-Jacobi map for any i. So 0 i is the pull-back of i for 1 i r by (3.4.4) . On the other-hand, 0 i = 0 for i > r, because 0 i = 0 for r < i s and D 0 i = P 1 for i > s. This shows that the pull-back 0 of to H 3 D (U 0 ; Q(2)) is represented by ( 0 i ) in the expression similar to (3.4.1) (using the morphism of the weight spectral sequences as in (3.3)). Then 0 is zero because ( 0 i ) is the image of u due to (3.4.7). This completes the proof of (0.4).
